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Permeation in Ionic Channels: A Statistical Rate Theory Approach
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ABSTRACT A novel way to model permeation through ionic channels is formulated. Our method does not require that equi-
librium exists in the channel or at the channel interfaces. In addition, the potential profile does not need to be specified and the
assumption of constant field across the membrane does not need to be made. Our formulation relies on statistical rate theory
for its development and uses a form of the electrochemical potential which assumes that the ions are in solution.
We show that the conductance and the degree of nonlinearity are dependent on the relative equilibrium exchange rates in

the channel and at the interfaces. Nonlinear current-voltage plots can be obtained in symmetric solutions as well as a nonunity
exponent for the Ussing flux ratio. Due to the dependence of the partition coefficient on solubility, it is highly unlikely that the
intracellular and extracellular partition coefficients are the same. A manifestation of unequal partition coefficients is a current
reversal at a membrane voltage that is different from the Nernst potential of the current-carrying ionic species.

INTRODUCTION

Electrical signalling in nerve and muscle relies on the passive
movement of ions down their electrochemical gradient. Ionic
channels, macromolecular pores in the cell membrane, pro-
vide this pathway for ions. The biophysical properties of
ionic channels involve permeation, gating, and selectivity. To
describe permeation, there are two approaches which are
commonly used, electrodiffusion (e.g., Levitt, 1986), and re-
action rate theory (e.g., Lauger, 1973). Barrier kinetic models
for ionic channels have been used in several situations. For
example, Begenisich and Cahalan (1980) used a three-
barrier, two-site model for sodium channels, and Hille (1975)
used a four-barrier, one-ion model also for sodium channels.
However, the basic assumption of this theory which is that
the initial reactants are always in equilibrium with the ac-
tivated complexes (Glasstone et al., 1941), is not generally
valid when applied to ionic channels (e.g., see Cooper et al.,
1985). In this paper we introduce a novel way to view per-
meation through ionic channels. This method relies on sta-
tistical rate theory (SRT), a nonequilibrium thermodynamic
approach.

In modelling ionic channels, equilibrium is often assumed
to exist at the channel interfaces between the bulk solution
and the channel extremities (e.g., Jakobsson and Chiu, 1987;
Levitt, 1987). The assumption of equilibrium has been in-
vestigated in physical systems such as the molecular trans-
port across a liquid-gas interface (Ward, 1977; Ward et al.,
1982b; Tikuisis and Ward, 1992), and the rate of molecular
adsorption at a gas-solid interface (Ward and Elmoselhi,
1986). In both of these cases it was found that if local equi-
librium was assumed, the measured and predicted rates did
not give consistent results. However, if in the theoretical
description of these interfacial transport processes, nonequi-
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librium was allowed to exist, then consistency was obtained.
The characteristic times of these nonequilibrium processes
was in the millisecond range. The time constants for ionic
channels in biological systems also fall in the millisecond
range (Hille, 1992). Therefore, nonequilibrium phenomena
are likely to be important considerations here also.
The SRT equations for ion permeation derived in this pa-

per do not rely on equilibrium as a fundamental assumption.
Equilibrium is not assumed to exist either at the channel
interfaces or within the channel itself. Instead, it relies on
quantum mechanics with ion movement occurring via tran-
sitions between different molecular distributions. Due to our
use of a quantum theory, we do not need to make the as-
sumption of a constant field across the membrane (Goldman,
1943), despite our assumption of steady-state conditions. Our
fundamental assumption is in the form used for the electro-
chemical potential which assumes that the ion is in solution.
Ion movement through the pore occurs in solution, and any
interactions (e.g., ion-ion, ion-channel) are reflected in the
various parameters of this electrochemical potential.

In this paper we describe (i) current-voltage relationships
and show how conductance can be related to equilibrium
exchange rates, (ii) unidirectional fluxes and their ratios, and
(iii) current reversals in terms of unequal partition coeffi-
cients. Using our SRT equations, nonlinear current-voltage
plots can be obtained when the intracellular and extracellular
media are the same, i.e., in symmetric solutions, and the
Ussing flux ratio can have a nonunity exponent. The premise
of unequal partition coefficients is used to explain the in-
consistency between measured reversal potentials and the
Nernst potential.

THEORY

Statistical rate theory
The statistical rate theory (SRT) approach may be used to
derive the expression for the rate of particle (molecule, atom,
ion, electron) transport (Ward, 1977; Ward et al., 1982a,
1982b). The transport process considered can be a chemical

618



SRT Approach to Ion Permeation

reaction, transport of a particle across the interphase between
fluid phases or the transport of a particle within a phase
(diffusion). This approach is based on the concept of quan-
tum mechanical transition probabilities. It allows the rate to
be expressed in terms of the equilibrium exchange rate of the
process and the change in the electrochemical potential ex-
perienced when a particle undergoes the process being con-
sidered. For example, consider a chemical reaction in which:

A +BC + D. (1)

gas mixture is given by:

I.y = i°(T, P) + RT ln(x,) (5)
where ,u°(T, P) is the electrochemical potential of the pure
component y at temperature, T, and pressure, P, and x is
the mole fraction of the component in the gas mixture. If
the same gas component is dissolved in a liquid phase and
forms a weak solution, then its electrochemical potential is
given by:

Suppose that the reaction takes place in a system which
has an equilibrium state (such a system is thermodynami-
cally constrained to have a constant internal energy, vol-
ume, and mass). The equilibrium exchange rate, Kx, is the
rate at which the reaction proceeds in both the forward and
reverse directions when the system is in the equilibrium
state. When the system is in a nonequilibrium state, the
SRT approach uses a first order perturbation analysis of
the Schrodinger equation to obtain the expression for the
probability of a transition occurring in the system in which
the reaction proceeds forward by one step and simulta-
neously the probability of a transition occurring in which
the system moves one step in the reverse direction. The
difference between these two transition probabilities is
used to formulate the expression for the net rate of the re-
action. Under the following conditions: (a) adoption of the
Boltzmann definition of entropy, (b) assumption that the
system may be described in terms of the local equilibrium
variables, and (c) identification of the equilibrium ex-
change rate as certain quantum mechanical integrals, the
net rate of the reaction, j, is given by (Ward, 1983):

j=K,(-8-') (2)

where

Fe = g°(T, P) + RT In ([y]/[y]s) (6)

where [(y] is the concentration of component y in the solu-
tion, and [Y]s is its solubility in the solution.

Since the basic expression for a rate is in terms of the
electrochemical potentials, a means is provided by which
these expressions can be examined experimentally, because
the rate of processes in different types of systems can be
predicted for each by using the expression for the electro-
chemical potentials that are relevant to that particular system.

For example, suppose that the reaction indicated in Eq. 1
takes place between ionic isotopes in solution as a result of
an electron being transferred between species A and B,then
the electrochemical potential may be expressed as:

i.Ly = y°(T, P) + RT ln(ay) (7)
where ae is the activity of species y. If acY is the activity
coefficient of this component, then:

a'Y= ay[y]. (8)

For the isotopes of an ion, the activity coefficients are equal
and after introducing the equilibrium constant, Ke, Eqs. 2, 7,
and 8 lead to the following expression for the rate (Ward,
1983):

6= exp(jA + I-B T -C .AD)
RT (3)

and ,, is the electrochemical potential of component 'y. It
should be noted that the electrochemical potentials in this
expression are to be evaluated in the nonequilibrium or in-
stantaneous state of the system, whereas K, is to be evalu-
ated in the final equilibrium state of the system.

Similarly, if one considers the transport of a particle (ion,
atom, or molecule) from phase a to phase b, the same ap-
proach leads to the following expression for the net flux j:

j = sinh(a RT ) (4)

where gu is the electrochemical potential for the component
in phase (.

These relations may be applied to a number of different
systems. The actual expression for the rate may be differ-
ent for each of the systems considered, because the expres-
sion for the electrochemical potential of a component may
be different in each of the systems examined. For example,
the electrochemical potential of component y in an ideal

K e[A] [B] [C][D]X [C][D] Ke[A][B] . (9)

The expression for the rate given in Eq. 9 is based on the
concept of transition probabilities as defined in quantum me-
chanics. As such, it is perhaps difficult to grasp physically.
To elucidate the basis for the rate expression more clearly, we
show that it can be obtained from a more physical point of
view.

If the activity coefficients for the reaction given by Eq. 1
may be approximated as unity, then the equilibrium constant
for the reaction, Ke, may be written as:

[C]e[D]e
e [A]e[B]e

(10)

where [X]e is the equilibrium concentration of X. This ex-
pression for the equilibrium constant may be interpreted as
saying that when the ratio of product concentration to reac-
tant concentration reaches the value Ke, the reaction proceeds
in the forward and reverse directions at the same rate. Under
equilibrium conditions then, the ratio [CIe[D]JKe[A]e[BIe
would be unity and if K, is the equilibrium exchange
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rate, then K = 1u4 (T, P) + RT In a' + zxF4)l (16)

Kx[C]e[D]e (11)
Ke[A]e[B]e

would also be the equilibrium exchange rate. The equilib-
rium exchange rate is a constant, and its value can be pre-
dicted in terms of the properties that are constrained to
be constant. If at any instant the value of the ratio [C][D]/
Ke[A][B] is greater than unity, then there is an excess of
products compared to reactants, and the net reaction pro-
ceeds in the reverse direction. The larger this ratio is com-
pared to unity, the further the system is displaced from
equilibrium in the direction away from the reactants and
therefore, the larger should be the magnitude of the "force"
driving the system toward equilibrium, i.e., toward the re-
actants. Thus one might reasonably take the reverse rate of
the reaction to be given by:

ITev = K []D (12)Ke[A][B3 12

If one now considers the circumstance in which there is an
overabundance of reactants compared to products, the ratio
Ke[A][B]/[C][D] will be greater than unity, the system will
be displaced from equilibrium in the direction of the reac-
tants and the force restoring the system to equilibrium
would be the latter ratio. Thus the rate at which the system
proceeds in the forward direction could be reasonably as-
sumed to be

Ke[A][B]
Jfo-KK [C][D] (13)

and the net rate of the reaction is:

{Ke[A][B] [C][D]
= [C][D] Ke[A][B]C

The latter expression is the same as that obtained from the
SRT approach, i.e., Eq. 9.
We note that the experimental support for Eq. 9 is de-

scribed previously by Ward (1983). The equation has been
used to examine three different electron transfer reactions.
The predictions were found to agree well with the mea-
surements, and the theory provided an explanation for cer-
tain observations that had been attributed to experimental
difficulties.

Application of SRT to ion permeation

Consider the channel and bulk media to be aqueous phases
with different properties: one phase for the intracellular me-
dium, one for the channel medium, and one for the extra-
cellular medium. Define the electrochemical potentials of
ionic species X in our system as (Everett, 1971):

14' = I4(T, P) + RT ln ac' + ZxF4Ci
Ce
=A 14(T, P) + RT In ace +XF4)Ce

(14)

(15)

eUX = ,Lxe(l P) + RT ln ae + zxF4e (17)
ciCeewhere 1x4, pux, g' , and ,ux are the electrochemical poten-

tials of species X on the intracellular side in the channel
medium, on the extracellular side in the channel medium, in
the intracellular bulk medium, and in the extracellular bulk
medium, respectively; go, ,u° i, and 1t4 eare the reference
electrochemical potentials of species X in the channel me-
dium, in the intracellular bulk medium, and in the extracel-
lular bulk medium, respectively, which are dependent on
temperature (7) and pressure (P); a is the activity, 4 is the
electrical potential, and the superscripts refer to the intra-
cellular side in the channel (Ci), the extracellular side in the
channel (Ce), the intracellular bulk medium (i), or the ex-
tracellular bulk medium (e); z is the valency, R is the gas
constant, and F is Faraday's constant.
We obtain the partition coefficient by considering the sit-

uation when equilibrium exists between the phases. Define
the quantity Ox as follows:

zxF
RT

(18)

where X refers to the particular ionic species. Thermody-
namic equilibrium exists in the system when:

,i ci Ce e.1,i = ,It = /t,c = AX

Using Eqs. 14-17, this implies that:

IC]~ egexp(Ox4)uIC = aex (ii -[Cx]i, equleP0qu) Cx lAx I-x
[XKi, equilexp(Ox4equil) ax RT

and

[Ic1(e)uilexp XoCeil) / 0, e 0\
A, egu equil - ex p A

[Ale, equilexP(ox4)equil) ax RT

(19)

(20)

(21)

where x ax,ac e are the activity coefficients of species
X in the intracellular medium, in the channel medium,
and in the extracellular medium, respectively, and the ac-
tivity coefficients are related to the solubility of species
X in the particular medium (Prigogine and Defay, 1969);
[CA, equil' Rli, equil [CX]e, equil [Xle, equil are the equilib-
rium concentrations in the channel on the intracellular
side, in the intracellular medium, in the channel on the ex-
tracellular side and in the extracellular medium, respective-
ly. Also, the activity coefficient relates the activity and
concentration by ax = ax[XI, as indicated in the previous
section. Define the partition coefficient of species X, 13x,
as:

j [CA], equilexp(ox4p)uii)
[X]A, equilexp(Ox4equil)

on the intracellular side, and

e [CI]e, equilexP(x(Ceuil)
=[X]e, equilexp(Oxqui( )

(22)

(23)
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on the extracellular side. Therefore, the partition coeffi-
cients are: v

(24)
ax RT)

we have:

u(ci) = pi u(i) (37)
and

u(Ce) = I3e u(e),and

e= Oe \
geax AX T, (25)

(38)

which then gives the flux across the channel from Eq. 29
as:

It is important to note that the partition coefficient is de-
pendent on the solubility, since the activity coefficient is
related to the solubility. Also note that since we have as-
sumed that there is a single phase within the channel, the
partition coefficient within the channel is unity.
Now, using Eq. 4 from SRT, the rate of transport of ionic

speciesX across a unit area from phase 1 to phase 2 is given
by:

il,2 = K1,2 (81,2 -1,2 (26)

where K1,2 is the equilibrium exchange rate across a unit area
of the interface, and

81, 2 = exp(j X;1 ). (27)

Applying this to our system, we obtain three fluxes; from the
intracellular medium to the channel, ji ci, across the channel,
jci, c, and from the channel to the extracellular medium,
ICe, e- These fluxes are:

ji, ci = Ki, Ci - u(i)3 u(Ci) ] (28)

[u(Ci)
ICi, Ce - Kci, Ce [u(Ce)

where

u(Ce) 1
u(ci) J

u(Ce) u(e)3x1
Jce, e = KCe, e [u(e)(3 u(Ce)

u(Ci) = [Cx]iexp(Ox4oci)

u(Ce) = [Cx]eexp(0x4c2)
u(i) = [X]iexp(0xo')
u(e) = [XKeexp( x4e).

(30)

(31)

(32)

(33)

(34)
If we assume steady-state conditions, the fluxes across the
channel are equal:

ji, Ci ici, Ce ice,e- (35)
Therefore the current density, which we define as JSRT, is
given by:

JSRT = ZXFji, Ci = ZXFJCi, Ce = ZXFICe, e- (36)
In the special case where equilibrium exists at the

interfaces, i.e., the rates at the interfaces are infinite,

C u(i) ,BX u(e)f3x
JCi, e Ci, Ce { u(e)f3x u(i)plU, (39)

Noting that 4' - 4e = V, where V is the transmembrane
voltage, we can rewrite the flux as:

JCi,Ce

L,ce{ e exp(OxV) exp(-OXV)

and the current density is:

JsRr

(40)

(41)

ZXFKCi, Ce I - exp(OxV) 3 e(OxV)

For ions in solution, flux must be considered in the context
of activity and potential differences. Zero flux occurs when
there is no potential gradient and no activity difference. Con-
sider Eq. 40 above which gives the flux when equilibrium
exists at the channel interfaces. It involves concentrations,
voltages (potential differences), and partition coefficients.
Note that when the electrochemical potential for X on one
side is equal to the electrochemical potential on the other
side, the flux is zero. In this case, there is equilibrium since
the electrochemical potentials are equal. We have ,u -
4,uX which gives (using Eqs. 16 and 17):

a' / 0, i O,e

a exp RT ) exp(Ox(' -'e)) = 1.

From Eqs. 24 and 25, we have:

pi3 i_ c /gi 0, e- - exp A '- i-
x ax RT J

which in Eq. 42 above, implies that:

f3e [X].
13~e%Xp(OxV) = 1.

(42)

(43)

(44)

Plugging Eq. 44 back into Eq. 40, we get zero flux. There-
fore, if the electrochemical potentials are equal, then the flux
is zero. If the activities and potentials are equal on both sides,
then the flux is also zero. In this case we have:

-X 1X
i ,e\ (ae
W~tL ) + +I XOi(4 qe). (45)( RT ntae
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If the activities and potentials are the same on both sides (and
the temperature and pressure are also the same), then we must
also have g,u i = 0,u e since they are reference electrochem-
ical potentials which only depend on temperature and pres-
sure. This would imply that the electrochemical potentials
are equal, and as shown above, if the electrochemical po-
tentials are equal, the flux is zero.
The new expressions for the current density, our SRT equa-

tions for ion permeation, Eq. 36, do not assume either that'
equilibrium exists at the channel interfaces or that there is a
constant field across the channel. Since the basis of this der-
ivation does not rely on a continuum theory, but on statistical
mechanics, the steady-state assumption of Eq. 36 does not
imply that there is a constant field across the membrane.
However it does imply that there is no mass storage in the
channel.

Solution of equations

The current density, JsRT, is obtained by numerically
solving Eqs. 36 using the Newton-Raphson method. Tak-
ing the reference electrical potential as that of the extra-
cellular medium, i.e., (e = 0, the equations to be solved
are:

KCe u(Ci) u(Ce)'\
k u(Ce) u(Ci)

=Ki Ci -s [u(Ci) ) [X]iexp(OxV) (
(i _- 46f3 [X]iexp(OxV) u(Ci)

K u(ci)

u(Ce)
u(Ce) j
u(ci)

(u(Ce) 3Xe

=Kce, e (47)exXl u(Ce))
where 4e = V, and the two independent variables
are u(Ci) and u(Ce). By making the above equations di-
mensionless, we find that the solution depends on three pa-

rameters: the ratio of the equilibrium exchange rates,

KCe, e

Kci, Ce
Ki, c,

KCi, Ce,'
and a quantity given by

3P[X]e
I3xAX]iexp(OxV)v

In the next section we examine the special case where the
equilibrium exchange rates at the intracellular and extracel-
lular interfaces are the same. However, we do consider a

particular case where the equilibrium exchange rates at the
intracellular and extracellular interfaces are different. Define
the equilibrium exchange rates as:

Kif = Ki, Ci =KCe, e (48)

Kch = KCi, Ce

Therefore, the current density depends on voltage and on the
two parameters given by:

Parameter 1 = Kif
Kch

Parameter 2 = x,

(50)

(51)

The solution can be obtained analytically for two partic-
ular cases. The first case occurs if equilibrium exists at the
interfaces. Then JSRT reduces to the single equation given by
Eq. 41. The second special case occurs if the equilibrium
exchange rates are the same for the three fluxes in Eqs. 28-
30, i.e., Kci Ce = Ki, Ci = KCe, e = Kif = KCh. The analytical
solution for this case is given by:

J_K F{#l3X[X]ieXP(0XV) 8~1/3
SRT ZXFKch[ (V Xiexp(OxV))1/

( XX]iexp(OxV))] ()

RESULTS

Current-voltage relationships

We now demonstrate the current-voltage relationships pro-
duced by our SRT equations. The current-voltage relation-
ships are illustrated by varying the two parameters given in
Eqs. 50 and 51.

In the first two figures, we vary the equilibrium exchange
rate at the interfaces, for a fixed ratio of extracellular to
intracellular partition coefficients and concentrations, i.e.,
Parameter 2 = constant. The plots in Fig. 1 show the current-
voltage relationships for four cases. In each case, the equi-
librium exchange rate in the channel, KCh, is kept constant at
1.036 X 10-5 pmol/s, and the ratio of extracellular to intra-
cellular partition coefficients and concentrations, Parameter
2, is kept constant at 1. The four plots correspond to values
of the equilibrium exchange rate at the interfaces of °°, 2KCh,
KCh, and 0.5 KCh, or to Parameter 1 values of 00, 2, 1, and 0.5.
It is interesting to note that nonlinear current-voltage plots
can be obtained even when the intracellular and extracellular
concentrations are the same, assuming that the intracellular
and extracellular partition coefficients are also the same.
Also, as the ratio of the equilibrium exchange rate at the
interfaces to the equilibrium exchange rate in the channel
increases, the slope, or the conductance increases. The largest
conductance occurs when equilibrium exists at the channel
interfaces, i.e., Kif = °°. This is shown in the next figure.

In Fig. 2 the conductance is plotted as a function of volt-
age, using the same conditions as in Fig. 1. This figure shows,
in addition to an increase in conductance, there is an increase
in the degree of nonlinearity with an increase in the equi-
librium exchange rate at the interfaces. For example, if equi-
librium exists at the channel interfaces (Kif = oo), Parameter
1 = 00, then the conductance changes from 74.8 pS at 0 mV
to 80.1 pS at 10 mV, whereas if the equilibrium exchange rate
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Lo

1ioo -50 0

V (mV)

FIGURE 1 Current-voltage relationships for four i
SRT equations. The Kif values shown are 0.5KCh, KCh,
KCh = 1.036 X 10-5 pmolVs, and the ratio of extrace]
partition coefficients is 1. Note that the curves are nc
the intracellular and extracellular concentrations are ti
slope increases with increasing Kif values.

CD

10

-100
-100

If the equilibrium exchange rates at the intracellular and
extracellular interfaces are different (not shown), the con-
ductance obtained would be between the conductance val-
ues obtained if the equilibrium exchange rates at the inter-

2 faces were the same at the two different values. For
1 example, if the equilibrium exchange rate at the intracellu-
0.5 lar interface is half of the equilibrium exchange rate in the

channel, and the equilibrium exchange rate at the extracel-
lular interfaces is twice the equilibrium exchange rate in
the channel, then the conductance for this system would be
between the conductance value obtained if the equilibrium
exchange rate at both interfaces was half the equilibrium
exchange rate in the channel, and the conductance value
obtained if the equilibrium exchange rate at both interfaces

50 lOO was twice the equilibrium exchange rate in the channel.
The same observation holds for a consideration of the de-
gree of nonlinearity.

(if values, using our Fig. 3 shows the current-voltage relationships for five
, 2KCh, and oo, where cases in which the ratio of extracellular to intracellular par-
Ilular to intracellular tition coefficients and concentrations, Parameter 2, is var-
)nhinear even though ied. Parameter 1, the ratio of the equilibrium exchange rate
he same, and thatthe...

at the interfaces to the equilibrium exchange rate in the
channel, is maintained at a constant value of unity. The
equilibrium exchange rate in the channel and at the inter-
faces is 1.036 X 10-5 pmol/s. The five cases correspond to
the ratio of extracellular to intracellular concentrations and
partition coefficient values of 0.1, 0.5, 1, 5, and 10. The re-
versal potentials for these cases are -61.5, -18.5, 0, 43.0,
and 61.5 mV, respectively. As this ratio increases, the slope

oo or the conductance decreases for positive, outward (for
positive ions) currents since there is a decreasing outward
concentration gradient. This trend is reversed for negative,

LO

-50 0 50 100

V (mV)

FIGURE 2 Conductance (g) versus voltage plots using the same condi-
tions as in Fig. 1. Note that the conductance and the degree of nonlinearity
increases as K1f increases.

at the interfaces is 1.036 X 10-5 pmol/s (<oo), Parameter
1 = 1, thtzn the conductance changes from 24.9 pS at 0 mV
to 25.1 pS at 10 mV. Fig. 2 also shows that for certain ranges
of voltages, the current-voltage plot is linear. Specifically, in
regions around the reversal potential of 0 mV, the conduc-
tance remains approximately constant. This region of con-
stant conductance is extended as the equilibrium exchange
rate at the interfaces decreases. The above results illustrate
that the conductance and the degree of nonlinearity are
strongly influenced by the equilibrium exchange rate at the
channel interfaces.

1L
100 -50 0 50 100

V (mV)

FIGURE 3 Current-voltage relationships for five values of the ratio of
extracellular to intracellular partition coefficients and concentrations, using
our SRT equations. The ratio values shown are 0.1, 0.5, 1, 5, and 10, and
the reversal potentials are -61.5, -18.5, 0, 43.0, and 61.5 mV, respectively.
The equilibrium exchange rates in the channel and at the interfaces are equal
at 1.036 X 10-5 pmol/s. For positive currents, the slope decreases with
increasing ratio values, and, for negative currents, the slope increases with
increasing ratio values.
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inward (for positive ions) currents since there is an in-
creasing inward concentration gradient, i.e., the conduc-
tance increases as the ratio of extracellular to intracellular
concentrations and partition coefficients increases. It is in-
teresting to note that if the ratio of extracellular to intra-
cellular concentrations and partition coefficients is non-
unity, then there is a net current when the voltage is zero;
This implies that if two solutions have the same concentra-
tions and there is no voltage difference between them, but
they have different solubilities, then there will be a chemi-
cal potential difference between the two solutions brought
about by their solubility difference, i.e., the solutions are
not identical. The solubility is related to the activity coef-
ficient, a parameter in the electrochemical potential. How-
ever, if the activity gradient between the two solutions is
zero, then there is no net current at zero voltage. This is
the case for a unity ratio of extracellular to intracellular
concentrations and partition coefficients.
From the current-voltage plots in Fig. 3, the conduc-

tance versus voltage plots in Fig. 4 are produced. This fig-
ure shows that the conductance does decrease as the ratio
of extracellular to intracellular concentrations and partition
coefficients increases for outward currents. Note that the
five cases can be compared only for voltages >61.5 mV
since the currents are all outward for voltages >61.5
mV. Similarly, the figure shows that the conductance does
increase as the ratio of extracellular to intracellular con-
centrations and partition coefficients increases for inward
currents. This time, the five cases can be compared only
for voltages <-61.5 mV.
We can analytically compute the conductance for the two

particular cases in which an ane
The first case is if equilibrium e3

CD

C)
---

U2

taOD

C\2

-100 -50

V I

FIGURE 4 Conductance (g) versus

tions as in Fig. 3. Note that the condu
tracellular to intracellular partition coefi
for positive currents (V > 61.5 mV), ar

this ratio increases for negative curren

The conductance is given by:

SRT = zXFKch OxI e [Xi exp(OxV)
(3[[Al

+ i.[X] exp(-OxV)}. (53)

Therefore, at zero voltage, if equilibrium exists at the inter-
faces and the intracellular and extracellular concentrations
and partition coefficients are the same, the conductance is:

2 2zRF
2RT Kch~ (54)

The second case is if the equilibrium exchange rates in the
channel and at the interfaces are the same, i.e., Kif = KCh. The
conductance is given by:

dJSRT zXFKCh 0X f£]Ai 1/3

dV 3 X.[Aleex(V)

+ (i [X ep(-OxV))} (55)

Therefore, at zero voltage, if the equilibrium exchange
rates are equal, and the intracellular and extracellular con-
centrations and partition coefficients are the same, the
conductance is:

2 zX2F2
3 RT ch

(56)

alytical solution is available. As expected, this conductance is less than the conductance
xists at the channel interfaces. in Eq. 54, where the equilibrium exchange rate at the inter-

faces is infinite. In this way, we have obtained a relation-
ship between conductance and the equilibrium exchange
rate in the channel.

Current-voltage relationships obtained from single chan-
nel current data are often linear (Florio et al., 1990; Inoue et
al., 1987; Marty and Neher, 1985; Rorsman and Trube, 1986;

0.1/ Singer and Walsh, 1987), but it is not unusual for nonlinearity
to be observed (Ascher and Nowak, 1988; Rorsman and
Trube, 1986; Sullivan, 1987; Wonderlin and French, 1991).
Linear current-voltage curves for a given voltage range do

0 < < not necessarily imply that nonlinearity is not present outside
1 <> the observed voltage range. More likely, as pointed out by
10 some authors (e.g., Florio et al., 1990), the linear relationship

is only valid for a given range of voltages.
The occurrence of nonlinear current-voltage relationships

~ in the literature suggests that the general use of the equation,
0 50 100 I = g(V - Vrev), to describe single channel current-voltage
(mV) behavior is inadequate. The current-voltage relationships

produced by our SRT equations are nonlinear. However, as
voltage plots using the same condi- discussed above, for certain ranges of voltages the current-
ctance decreases as the ratio of ex-
[icie and.conentrations eae voltage curves are approximately linear. Thus, linear current-ficients and concentrations increases
nd that the conductance increases as voltage relations obtained experimentally do not conflict
Its (V < -61.5 mV). with the results from our SRT equations.
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The possible current-voltage relationships using the
Goldman-Hodgkin-Katz (GHK) current equation are con-
sidered below. The GHK current equation is given by (Gold-
man, 1943; Hille, 1992, p. 341):

JGHK - 1 - iexp(OxV) (57)

where Px is the permeability of species X, and the other
parameters have been defined earlier. One of the assumptions
in the derivation of the GHK current equation is that the
partition coefficients on the intracellular and extracellular
interfaces are the same (Hille, 1992, p. 345). This assumption
allows one to define the permeability as:

PD= (58)

where D is the diffusion coefficient, 13 is the partition co-
efficient, and I is the membrane thickness. Nonlinear
current-voltage relationships in the GHK current equation
can only occur if there are different concentrations in the
intracellular and extracellular media, as demonstrated in
Hille (1992, p. 343). For equal concentrations, Eq. 57
reduces to:

JGHK = PxZXFOXV[X], (59)

a linear current-voltage relationship. This is in stark con-
trast to our SRT equations which can produce nonlinearity
even when the intracellular and extracellular concentra-
tions are the same (see Fig. 1).
The GHK current equation can be derived from the Nernst-

Planck equation for fluxes in the membrane using the ap-
propriate assumptions (Hille, 1992, p. 345). In the Appendix,
we show how the Nernst-Planck equation can be derived as
a special case of our SRT equations. In doing this, we obtain
a relation between the diffusion coefficient and the equilib-
rium exchange rate in the channel:

Dx = 2KCh (60)[X]
The GHK current equation does not exhibit nonlinearity

in equal intracellular and extracellular concentrations.
Since nonlinearity in symmetric solutions does occur for
single channel data (e.g., Wonderlin and French (1991)),
the GHK current equation cannot be considered to be ade-
quate in describing current-voltage relationships. A strong
example of this is the inward rectifying potassium channel
(Hille, 1992, p. 129; Sullivan, 1987). This channel shows
strong inward rectification in symmetric solutions (Sulli-
van, 1987), i.e., it is highly nonlinear. The GHK current
equation does not and cannot explain the large nonlinearity
observed. In contrast, our equations can describe this non-
linearity by assuming that the equilibrium exchange rate at
the interfaces is larger than the equilibrium exchange rate
in the channel. Therefore, we would predict that, at equi-
librium, the rate of exchange of potassium ions is larger

across the channel interfaces than across the channel itself
for inward rectifying potassium channels.

Unidirectional flux ratios

An important difference between the GHK current equation
and our equations is in the unidirectional fluxes and their
ratio. Comparing the GHK current equation, Eq. 57, and our
equations, for example when equilibrium exists at the chan-
nel interfaces (Eq. 41), it is clear that the unidirectional fluxes
depend on absolute concentrations in the GHK current equa-
tion, whereas the unidirectional fluxes depend on concen-
tration ratios in our equation. In addition, if we consider the
ratio of unidirectional fluxes, we obtain the following: For
the GHK current equation, the ratio of unidirectional fluxes
is given by the Ussing flux ratio expression:

Efflux_ [X]e
Influx Me[X] exp(xV)

(61)

With our approach, the ratio of unidirectional fluxes if equi-
librium exists at the interfaces is (using Eq. 41):

Efflux [XX]. 2
Influx lMX1eXP0V

(62)

assuming that the intracellular and extracellular partition co-
efficients are the same. If equilibrium does not exist at the
interfaces, but the equilibrium exchange rates at the inter-
faces and in the channel are the same, then the ratio of uni-
directional fluxes is (using Eq. 52):

Enflux { [X]ieXp(ov2/3 (63)

where the intracellular and extracellular partition coefficients
have been assumed to be the same. In our case, it is clear that
the exponent of the expression ([X]i/[X]e)exp(Ox V) depends
on the relative equilibrium exchange rates at the interfaces
and in the channel.
The Ussing flux ratio criterion states that with passive

diffusion and no flux coupling, the exponent of the expres-
sion should be 1. Deviations from an exponent of 1 were
taken to imply flux coupling, and multi-ion pore models were
developed to describe such deviations (e.g., Levitt (1982,
1987); also see Hille (1992), Chap. 14). Here we have shown
that a nonunity exponent arises naturally with varying equi-
librium exchange rates in the channel and at the interfaces,
and without the assumption of flux coupling. Using our SRT
equations, a nonunity exponent does not necessarily imply
flux coupling. Instead, a nonunity exponent may imply that
inherent assumptions in the underlying model are invalid.
These assumptions may include equilibrium in the channel
and at the channel interfaces or a constant field across the
membrane. For example, it is interesting to note that in the
best studied model pore, gramicidin A, the highest exponent
so far reported is 1.99 (see Hille (1992), Chap. 11). Our SRT
equations would suggest that for this case, equilibrium exists
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at the channel interfaces (see Eq. 62), and flux coupling is
not required to obtain this result.

Unequal partition coefficients

The consideration of partition coefficients is critical in the
determination of reversal potentials. The voltage at which the
current reverses occurs when the current is zero. Using Eq.
41 or 52, this gives:

VX, rev = n ) (64)

If the intracellular and extracellular partition coefficients are
equal, this reduces to the well-known Nernst potential (see
for example, Hille (1992, p. 13)):

Ox(X]n (65)VX Nemst = ~-lnI ).(5

Therefore, the dependence of the reversal potential on the
partition coefficients is given by:

In
(1x) (66)VX, rev = PlnII + VX,Nemst. 66

From this expression we see that the reversal potential is
much more sensitive for f3X/f3X < 1 than for ,BXI/fx> 1.
Thus, errors between measured reversal potentials and
Nernst potentials are more pronounced as the intracellular
partition coefficient exceeds the extracellular partition co-
efficient rather than if the extracellular partition coefficient
exceeds the intracellular partition coefficient.
The partition coefficient is a function of the activity co-

efficient (solubility), temperature, and pressure. Since we are
dealing with the extracellular and intracellular media which
differ in composition, it is possible and even highly likely for
the partition coefficients to be different. The solubility of a
solute in a given solvent changes as the solvent itself changes
for example by the addition of drugs or other ions. For ex-
ample, consider that the solubility of potassium chloride in
water is 26.34 wt% (25°C) and 0.03 wt% (25°C) in ethanol
(Stephen and Stephen, 1963).

In the experimental literature, there are many examples of
measured reversal potentials being different from their
Nernst potentials (Brown et al., 1981; Droogmans and
Callewaert, 1986; Florio et al., 1990; Inoue et al., 1987;
Schwartz and Kado, 1977; Sims et al. 1988; Vivaudou et al.,
1988). There are several reasons for this discrepancy. For
example, the channel may have imperfect selectivity or the
intracellular and/or extracellular concentrations may not be
accurately determined. In addition, we suggest that the dis-
crepancy could result from the the assumption of equal
partition coefficients at the intracellular and extracellular
interfaces.
Landowne and Scruggs (1981) measured the relationship

between the magnitude of the sodium current, membrane
potential, and sodium concentrations on both sides of the
membrane. Their findings required that the partition coef-

ficients for the two aqueous/membrane interfaces were dif-
ferent by a factor of three. Colatsky (1980) obtained a 10-fold
increase in permeability with about an 8-fold decrease in
extracellular sodium concentration. Since permeability is a
function of the partition coefficient (see Eq. 58), this obser-
vation could be due to changes in the partition coefficient.
It is important to realize that once permeability is being con-
sidered for selective channels, an assumption of equal par-
tition coefficients has already been made. Since Colatsky's
calculations assumed equal partition coefficients and equi-
librium at the interfaces and intracellular concentration are
not given, a direct calculation cannot be done. In an at-
tempt to better model their permeability data, Schwartz
and Kado (1977) considered unequal partition coefficients
in their studies. However, the difference between intracel-
lular and extracellular partition coefficients was due only
to surface voltages.
A detailed example of differences between the Nernst po-

tential and the measured reversal voltage is given for the
NMDAchannel (Ascher, 1988). In their studies, it was found
that the reversal voltage changed from 0 to 30 mV with an
increase in extracellular calcium from 1 to 100 mM. This was
explained with changes in the outer surface voltage at the
mouth of the NMDAchannel. They modified the GHK equa-
tion to account for internal and external surface voltages. For
an extracellular calcium concentration of 100 mM, they ob-
tained the following equation:

pCa
- 0.385 expD 2 I)

PCs ~ \25/
(67)

where 4,. is the external surface voltage (in millivolts) and
Pc, and PCS are the permeabilities of calcium and cesium,
respectively. They plotted the relation (Eq. 67) and obtained
a value of 4'o = - 16 mV when PCa/PCs = 1, from which
a value of o = -56 mV (40 mV more negative) was
deduced when the extracellular calcium concentration was
1 mM. Eq. 67 could be rewritten as:

DCafge (qio + 40\~a= 0.385 expl
DC3,\ 25 /

(68)

where Dca and DCS are the diffusion coefficients of calcium
and cesium, respectively, and g3e 3 are the partition
coefficients of calcium on the extracellular interface and ce-
sium on the intracellular interface, respectively. Eq. 68
reduces to:

___ - 1.004 exp( +40) (69)

using values of DCS = 2.06 X 10-5 cm2/s and DCa = 0.79
X 10-5 cm2/s from Hille (1992, p. 268). If there is no dif-
ference in the partition coefficient ratio, this would give an
approximate o value of -40 mV which in turn would give
an approximate t/o value of -80 mV in 1 mM extracellular
calcium. A nonunity ratio of partition coefficients would
change the external surface voltage according to Eq. 69. Us-
ing our SRT approach to ion permeation this ratio of partition
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coefficients is dependent on solubilities and activity coeffi-
cients, temperature, and pressure (see Eqs. 24 and 25):

BCa aCa/atCa Ca.l° Ca-°)-(lC'a - uCa)
Ic a' : ( - RT - (70)

By assuming that qi0 in 1 mM external calcium is 40 mV more
negative than tp. in 100mM external calcium, Ascher (1988)
has assumed that the internal surface voltage does not
change. If the partition coefficients are assumed not to
change with different concentrations of calcium, i.e., there is
no change in solubilities or activity coefficients, temperature,
and pressure with concentration, then a contradiction is ob-
tained: Either, (i) if Eq. 67 is obtained for 1 mM external
calcium, tJo would be about 90 mV more negative than ti,
in 100 mM external calcium, and 4i would be about 50 mV
more negative than i in 100 mM external calcium, a con-
tradiction in that the internal surface voltage does change, or,
(ii) forcing the internal surface voltage not to change does not
allow Eq. 67 and the similar equation for 1 mM external
calcium to be valid. This contradiction can be resolved by
allowing the partition coefficient ratio (Eq. 70) to be different
for the different concentrations of external calcium. In par-
ticular, the contradiction is resolved if:

(e) = 0.543 + 0.1102 ) . (71)
Cs 100 mM 3Cs 1 mM

Using Ascher's value of o =-16 mV in 100 mM calcium,
consistency would require that the partition coefficient ratios
should be 2.62 and 18.85 in 100 and 1 mM calcium, re-
spectively. The imperfect selectivity of the NMDA channel
at 1 mM external calcium could account for some of this
difference. However, Ascher and Nowak (1988) deduce that
in 1 mM calcium, the channel is still 7.5 times more selective
for calcium than sodium. The parameters which can account
for this difference in the partition coefficient ratio are the
solubilities or the activity coefficients. Therefore, there must
be a change in the solubilities with changing concentrations,
since the solvent is being changed. This example underlines
the unacceptability of the assumption that partition coeffi-
cients are the same in different concentrations. In turn, this
implies that the intracellular and extracellular partition co-
efficients for a given ionic species can be expected to be
different if the intracellular and extracellular media are dif-
ferent.

DISCUSSION

SRT has been used to develop a new way to view permeation
through ionic channels. Our resulting equations do not re-
quire that equilibrium exists at the channel interfaces or in
the channel. The quantum mechanical basis of the method
removes the need for the specification of the potential profile.
Only the potential at various locations in the system is re-
quired. Therefore, unlike a continuum theory, our steady-
state assumption across the membrane does not imply that a
constant field exists across the membrane. In addition, since

reflected in the parameters of the electrochemical potential.
These parameters include the activity, electrical potential,
temperature, and pressure. Even though our approach does
not suffer from assumptions common in other approaches
such as GHK theory, our formulation is straightforward and
yields analytical solutions when the equilibrium exchange
rates in the channel and at the interfaces rates are the same
or when equilibrium exists at the channel interfaces.

With our approach, we have identified three equilibrium
exchange rates, which can be considered in an analogous
manner to Levitt's channel system (Levitt, 1986). Our rates
refer to movement from bulk solutions (intracellular and ex-
tracellular) to the channel and within the channel itself. Note
that these rates are equilibrium parameters. They depend on
physical and chemical attributes of the system (e.g., see Ward
and Elmoselhi (1986)). The nonequilibrium behavior is due
to the different number of microscopic states in the different
molecular distributions. Using Nernst-Planck continuum
theory, Levitt (1986) separated the system into three resis-
tances. They are resistance of the channel and diffusion-
limited access resistance of the channel (intracellular and
extracellular). Diffusion-limited ion flow through pores was
considered by Liiuger (1976) in a similar way. Here, the pore
was described in terms of an intrinsic permeability and left
and right convergence permeabilities. Several other authors
have considered the effects of access resistance (e.g., Chiu
and Jakobsson (1989); Gates et al. (1989); Peskoff and Bers
(1988)). In particular, Chiu and Jakobsson (1989) found that
the continuum theory was limited in that it was inadequate
in describing the interaction between potential gradients and
ion distributions in the bath near the channel mouth.
An important advantage of our quantum mechanical ap-

proach over electrodiffusion and reaction rate theory is that
the potential, but not the potential profile is required. The
specification of the potential profile is critical when using an
electrodiffusion approach. The most common profile used is
a constant field across the membrane (Goldman, 1943). The
behavior of diffusion models for one-ion channels using a set
of simple potential profiles was investigated by Gates et al.
(1989). These potential profiles included constant field, a
ramp potential, a step potential, a Z potential and single and
double extrema potentials. In reaction rate theory, several
energy barriers are often used for the potential profile to
attain a fit to experimental data. Besides the issue of a unique
correspondence of these barriers with features of the channel
profile, the basic assumptions of reaction rate theory are not
valid (Dani and Levitt, 1990; Cooper et al., 1985, 1988a,
1988b). For example, the barriers cannot be too low so that
they deviate from their near equilibrium assumption. Barrier
heights should be greater than about 1ORT, but there is ev-
idence that this is not the case (Cooper et al., 1985).

In several systems, the GHK equations have been unable
to describe the experimental results. This suggests that an
alternate approach is required. Ascher (1988; Ascher and
Nowak, 1988) found that the predictions of the GHK equa-
tions were insufficient to describe their current-voltage re-
lation of the NMDA channel in high calcium. Schwartz and

Skinner et al. 627

our system involves ions in solution, any interactions are



Volume 65 August 1993

Kado (1977) found that a potassium-selective, chemically
excitable channel could not be accurately described by the
GHK current equation. They resolved the insufficiency of the
GHK current equation by removing the simplifying assump-
tions of constant field and a homogeneous membrane. Their
method was semi-empirical in that the permeability was de-
duced as a function of voltage. They also included surface
voltages in their calculations. For ionic channels at the frog
neuromuscular junction, Lewis (1979) found that the GHK
equation, with or without the addition of surface voltages,
could not adequately predict her conductance values.
We have shown that our approach is necessary to ade-

quately describe current-voltage relationships. The observa-
tion of nonlinear current-voltage plots in equal intracellular
and extracellular media requires that nonlinear, non-GHK
like equations be used. The degree of nonlinearity and the
conductance are dependent on the relative equilibrium ex-
change rates in the channel and at the interfaces. We have
obtained a relationship between conductance and the equi-
librium exchange rate in the channel. In addition, we have
derived the Nernst-Planck equation as a special case of our
SRT equations.
One of the consequences of our SRT equations is that the

exponent of the Ussing flux ratio is not necessarily unity. The
value of the exponent is dependent on the equilibrium ex-
change rates in the channel and at the interfaces. Therefore,
a nonunity exponent in the Ussing flux ratio does not nec-
essarily imply that flux coupling is present.

It is highly unlikely that partition coefficients at the in-
tracellular and extracellular interfaces are the same. The
composition of extracellular and intracellular media are dif-
ferent in many cell types, for example, in smooth muscle the
external potassium concentration is 5.9 mM and the internal
potassium concentration is 164 mM (Casteels, 1981). Dif-
ferent extracellular and intracellular compositions imply dif-
ferent solubilities for the particular species. The different
internal and external compositions and conditions imply that
the partition coefficients must be different, i.e., the assump-
tion of equal partition coefficients used in the derivation of
the GHK current equation cannot be justified. A current re-
versal can occur at a voltage that is different from the Nernst
potential if the intracellular and extracellular partition co-
efficients are different.
The use of SRT to model ion permeation links the two

well-established fields of quantum mechanics and modelling
of ionic transport mechanisms. Recently, SRT has been used
to model pump and exchanger mechanisms (Skinner et al.,
1993). At present, there are some shortcomings to our ap-
proach. In particular, our equations do not show saturation
since we have not included binding sites in the system. How-
ever, our equations have allowed us to obtain other results
such as nonlinear current-voltage relationships in symmetric
solutions. We feel that our SRT equations for ion permeation
present an attractive alternative to the other approaches of
electrodiffusion and reaction rate theory.

APPENDIX

Derivation of the Nernst-Planck equation from
SRT

We examine the expression for the flux in a channel that is obtained from
SRT in the near-equilibrium limit. As will be seen below, if one adopts the
continuum approximation and assumes that the gradient in concentration
and in the potential is sufficiently close to the equilibrium value, then after
adopting a particular interpretation of the diffusion coefficient, one obtains
the Nernst-Planck expression for the flux. If one then makes the GHK as-
sumptions (i.e., the constant field approximation and the assumption of
equilibrium at the entrance to the channel and at its exit), this latter relation
may be integrated to obtain the GHK expression for the flux.

Consider an arbitrary point in the channel, say Yl, and a second point in
the channel, Y2 (Y2 > Yi) that is a distance A away:

Y2 = Yl + A.

According to SRT, the expression for the flux between these two points may
be written (see Eq. 29):

f U(yl) U(Y2)
= K12 lU(Y2) u(Yl) (72)

where K1, 2 iS the exchange rate between these two points under equilibrium
conditions, and u(yi) is given by:

u(yi) = Cx(yj)exp(Oxo(yj)). (73)
It is particularly important to recall that K1, 2 is the equilibrium exchange
rate. Under equilibrium conditions, the electrochemical potential, ,u, is uni-
form and this requires that u(y) is uniform as well.

As the condition for near-equilibrium to exist in the channel, we assume
that the gradient in both the concentration and in the potential to be suf-
ficiently small so that the following two relations are valid:

CX(Y2) = CX(YI) + dCx(y) A\ dy )1

,J,f~AJ~(d4)(y) A.OVY2)= *l)k dy/

(74)

(75)

After inserting Eqs. 74 and 75 into Eq. 72, and neglecting second order and
higher powers in the gradients in the concentration and in the potential, Eq.
72 may be written:

K1
___ dCx \ ][ (oxL ]

I= Ki 2{ [1 Cx(yl) dy ) ]O[k(dy 1

A (d) 1][A (ox .(76)
[ Cx(yl) dy !1JL dy) ]J

After performing the indicated multiplications and neglecting second order
and higher powers in the differentials of Cx and 4, one finds:

i=12 { C(YlC )(y dy J1 x(dy 1 }

If the diffusion coefficient is defined as:

(77)

2AK, 2

Cx(y1) (78)

and it is noted that Yi is an arbitrary point in the channel, then Eq. 77
may be written:

dCx d(7j = -D d + Cxxd). (79)
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This equation is the Nernst-Planck equation and is the starting point in the
derivation of the GHK current equation.
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